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Abstract 



We present elements of a theory of translation-invariant integration, measure, and harmonic analysis on a 
valuation field with local field as residue field. This extends the work of Fesenko. Applications to zeta integrals 
for two-dimensional local fields are then considered. 



Introduction 

Integration over a valuation field is an important problem in certain areas of mathematics 
and mathematical physics. In the case of a higher dimensional local field it was first considered 
by Fesenko [5] [6] , and later by Kim and Lee jl7j . A model theoretic approach to the theory of 
translation invariant integration follows from the works of Hrushovski and Kazhdan |12| |13) 
in the case of characteristic zero (and sufficiently large positive characteristic) residue field. 

In the theory of two-dimensional arithmetic schemes a theory of translation invariant inte- 
gration, harmonic analysis, and zeta integrals over two dimensional local fields is required in 
order to generalise the techniques of Tate ^22^ and Iwasawa |14) in the one-dimensional case. 
Such a theory will have applications to the main open problems in the arithmetic of elliptic 
curves over global fields. 

To study the representation theory of algebraic groups over two-dimensional local fields (see 
|17) for measure theory, |16j for further references) and Langlands philosophy, such a theory 
is invaluable. 

In mathematical physics, the Feynman integral is not understood rigorously (see [15] for 
discussion of the problems). The valuation fields C{t) and M.{t) may be identified with subspaces 
of the space of continuous paths, and so measure theory on them may provide insight into 
Feynman measure. 

We now outline the content of the paper and important ideas. 

Let _F be a valuation field with valuation group F and integers Op, whose residue field F is 
a non-discrete, locally compact field (ie. a local field: R, C, or non-archimedean). Given a Haar 
integrable function / : F — > C, we consider the lift, denoted /°'", of / to Op by the residue 
map, as well as the functions of F obtained by translating and scaling 

for a e i^, a e F^ . We work with the space spanned by these function as / varies. A simple 
linear independence result (proposition II . Sp is key to proving that an integral taking values in 
CF (the complex group algebra of F), under which /^'^ has value J-p /(u) du, is well defined. 

The integration yields a translation invariant measure. For example, in the case of C(t), the 
set St"' +t"-~^^C[t] is given measure ^{S)X" in M(A"), where S" is a Lebesgue measurable subset 
of C of positive finite measure ^J-{S). 

The first elements of a theory of harmonic analysis are then presented for fields which are 
self-dual in a certain sense. Not all functions occuring belong to the space of integrable functions 
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already considered, and so the integral is extended. A Fourier transform is defined and a double 
transform formula proved. 

There then appears a short section on integrating over the multiplicative group of F. Here 
we generalise the relationship dx = \x\~^d'^x between the multiplicative and additive Haar 
measures of a local field. 

If F is a higher dimensional local field then the main results of the aforementioned sections 
reduce to results of Fesenko in 5_ (henceforth referred to as [AoAS]) and 6 . However, the 
results here are much more general (and abstract); in particular, if F is archimedean then 
we provide proofs of claims in [5] regarding higher dimensional archimedean local fields, and 
whereas those papers work with complete fields, we require no topological conditions. The more 
abstract approach to the integral developed in this paper appears to be powerful; the author 
has also used it to prove Fubini's theorem for certain repeated integrals over F x F and deduce 
the existence of a translation invariant integral on GL„(_F). 

In the final sections of the paper, we consider various zeta integrals. Firstly, parts of the 
theory of local zeta integrals over F are lifted to F. In doing so we are lead to consider certain 
divergent integrals related to quantum field theory and we suggest a method of obtaining 
epsilon constants from such integrals. 

We then consider zeta integrals over the local field F; a modified Fourier transform / i— > /* is 
defined (following Weil [23) and [AoAS] in the non-archimedean case) and we prove, following 
the approaches of Tate and Weil, that it leads to a local functional equation, with appropriate 
epsilon factor, with respect to s goes to 2 — s: 



After explicitly calculating some *-transforms we use this functional equation to calculate the 
*-epsilon factors for all quasi-characters uj. These results on zeta integrals and epsilon factors 
are then used to prove that * is an endomorphism of S{K), which, though important, appears 
not to have been considered before. When F is archimedean we define a new *-transform and 
consider some examples. 

Zeta integrals over the two-dimensional local field are then considered following [AoAS]. 
Lacking a measure theory on the topological iiT-group K2''{F) (the appropriate object for 
class field theory of F; see [3]): 3' zeta integral over (a subgroup of) F^ x F^ is considered: 



Analytic continuation and functional equation are established for certain quasi-characters; 
indeed in these cases the functional equation, and explicit L-functions and epsilon factors, 
follow from properties of the *-transform on F. Our results are compared with [AoAS]. 

The advantages of our new approach to the integration theory are apparent in these chapters 
on local zeta integrals. Our approach is to lift known results up from the local field F, rather 
than try to generalise the proof for a local field to the two-dimensional field. For example, we 
therefore immediately know that many of our local zeta functions have analytic continuation. 
Apparently complicated integrals on F reduce to familiar integrals over F where manipulations 
are easier; for example, we may work at the level of F even though we are calculating epsilon 
factors for two-dimensional zeta integrals. 

The appendices are used to discuss theory which would otherwise interrupt the paper. Firstly, 
the set manipulations in [AoAS] (use to prove that the measure is well-defined) are reproved 
here more abstractly. Secondly we discuss what we mean by a holomorphic function taking 
values in a complex vector space; this allow us to discuss analytic continuation of our zeta 
functions. Finally the extension of the integration theory to F x F is considered; no proofs are 
given and similar results may be found in [19J. 
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Notation 

Let r be a totally ordered group and F a field with a valuation v : -^T with residue field 
F, ring of integers Op and residue map p : Op —fF (also denoted by an overline). Suppose 
further that the valuation is split; that is, there exists a homomorphism t : T F^ such 
that V o t = idr- The splitting of the valuation induces a homomorphism t] : F^' F by 
X I—* xt{—v{x)). Assume also that F contains a minimal positive element, denoted 1. 

Sets of the form a + t{j)OF are called translated fractional ideals; 7 is referred to as the 
height of the set. 

C(r) denotes the field of fractions of the complex group algebra CF of F; the basis element 
of the group algebra corresponding to 7 S F shall be written as X"' rather than as 7. With 
this notation, X^X^ = X''+\ Note that if F is a free abelian group of finite rank n, then C(F) 
is isomorphic to the rational function field C{Xi, . . . , X„). 

We fix a choice of Haar measure on F; occasionally, for convenience, we shall assume that 
Op- has measure one. The measure on F is chosen to satisfy dx = \x\~'^d^x. 

Remark. The assumptions above hold for a higher dimensional local field. For basic 
definitions and properties of such fields, see [T|. 

Indeed, suppose that = is a higher dimensional local field of dimension n > 2: we allow 
the case in which Fi is an archimedean local field. If Fi is non-archimedean, instead of the 
usual rank n valuation v : ^ Z", let be the n — 1 components of v corresponding to 
the fields F„, . . . , F2; note that v = (i/^ orj,v). If Fi is archimedean, then F may be similarly 
viewed as an valuation field with value group Z"^^ and residue field Fi. 

The residue field of F with respect to v is the local field = i^i. If F is non-archimedean, 
then the ring of integers Op of F with respect to the rank n valuation is equal to p^^(C'-p), 
while the groups of units with respect to the rank n valuation is equal to p^^[0^). 

The primary reference for this work is j5j , to which we will refer as [AoAS] . 
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1. Integration on F 

In this section we explain a basic theory of integration on F. The following definition is 
fundamental: 

Definition 1.1. Let / be a function on F taking values in an abelian group A] let a ^ F, 
7 G F. The lift of / at a, 7 is the A-valued function on F defined by 



r-'ix) 

In other words, 



/((a;-a)t(-7)) xea + t{-f)OF 
otherwise 



fix) xeOp 

otherwise 



and /°'T(a + t{j)x) = f'°{x) for all x. 

It is useful to determine how lifted functions behave on translated fractional ideals: 
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Lemma 1.2. Let /">''' be a lifted function as in tie definition; let b e F, 6 e T. Tlien for 
all X in Op, 
case (5 > 7 



case 5 = 7 



r\b+t(5)x) 



r'^{h+t{5)x) = 



/((5-a)t(-7)) hea + t{^)OF 
otherwise 



f{{b~ a)t{~-/) + x) bea + t{j)OF 
otherwise 



case (5 < 7 

r''{b+t{5)x) 



f{{b + t{d)x - a)t(-7)) X e (a - 6)t(5)-i + t(7 - S)Of 
otherwise 



In particular in this final case, if x,y G Of are such that f {b + t (5) x) and f°'''^{b + t{5)y) 
are non-zero, then x = y. 

Proof. This follows from the definition of a lifted function by direct verification. □ 

Let C be the space of complex-valued Haar integrable functions on F. 

Remark 1.3. 

(i) For a G F, 7 G r, let denote the space of complex valued functions on F of the 
form f^'^, for f E C. Suppose ai + t{-fi)OF — a2 + t{j2)OF- Then 71 — 72 and 



where g e C is the function g{y) = f{y + (02 - ai)t(-72)). Hence = £"2,72^ 

(ii) Given a lifted function f""-"^ and t E F, then the translated function x > f°"''{x + r) is 
the lift of / at a — r, 7 

Definition 1.4. For J = a + t{j)OF a translated fractional ideal of F, define £( J) to be 
the space of complex- valued functions of F of the form f""'', for / G £. 
Introduce an integral on C{J) by 

■ J 



a, 7 



F 



By remarks 11.31 and translation invariance of the Haar integral on C, the integral is well- 
defined (ie. independent of 0,7). 

Proposition 1.5. The spaces C{J), as J varies over all translated fractional ideals, are 
linearly independent. 

Proof. Let Ji, for i ~ l...,n, be distinct translated fractional ideals, of height 7^ say. 
Suppose fi E C"^' for each i, with J^i fi = 0- We prove that fi = for all i by induction on n. 
We may suppose that 71 < 72 < • ■ ■ < 7n; write Ji = ai + t{'ji)OF. 

If 7i < 72 then 

/i(ai +t{'ji)x) = -^/i(ai -|-t(7i)a;) 
i>i 
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for all X e Of- The first case of lemma [L7\ implies that /i is therefore the lift of a constant 
function, and so /i = (for C contains no other constant function). The assertion now follows 
by the inductive hypothesis. 

If 7i = 72 then the linear dependence relation breaks into two separate relations: 

E = E /^ = o. 

The inductive hypothesis implies that fi^Q for all i. □ 

This linear independence result clearly allows us to extend the J'^, as J varies over all 
translated fractional ideals, to a single functional: 

Definition 1.6. Let C{F)c be the space of complex-valued functions spanned by £(J) for 



all translated fractional ideals J. Let J : C{F)c C(r) denote the unique linear map such 
that if / e for some J of height 7, then J^(/) = /"'(/) X^^. 

C{F)c will be referred to as the space of complex-valued integrable functions on F. 



Remarks 11.31 implv that C{F)c is closed under translation from F and that is translation 
invariant. We will of course usually write fix) dx in place of J^(/) 

Remark 1.7. li A were an arbitrary C-algebra and elements Cy € A were given for each 
7 e r, we could define an A-valued linear translation invariant integral on C{F) by replacing 
X'^ by Cj in the previous definition. However, using X'^ ensures compatibility of the integral 
with the multiplicative group _F^, in that it implies the existence of an absolute value with 
expected properties; see lemma HTT] 

This phenomenon also appears when extending the integration theory to M„(i^), and 
GL„(F). The best results are obtained not simply by trying integrate over a single algebraic 
group as a closed problem, but by taking into account the action of other groups on it. 

Remark 1.8. We consider how C{F)c and depend on t. 

Let t' be another splitting of the valuation: that is, t' is a homoniorphisni from F to i^^ 
with V ot' — idr. Then there is a honiomorphism m : F — > which satisfies f(7) = u(7)t'(7) 
for 7 G F. Let g G £, a G F, and 7 £ F; let / be the lift of 5 at a, 7 with respect to t, 
and /' the lift of g at a, 7 with respect to t' . Thus, by definition, / and /' both vanish off 

J = a + t{"f)OF =a + t'{j)OF, and for x £ Of, 

fia + t{^)x) = six), f'{a + t'{-f)x) = g{x). 

Therefore /'(a + t(7)x) = g(Mn)~'^) and so /''(/') = |^| Jg(2/)dy = Hn)\l\f)- 

Let J ' (resp. J ' ) denote the integral over J (resp. F) with respect to t'; the previous para- 
graph proves that ^'^ — \u{-^)\ J'^'* . Let cr : C(r) C(r) be the C-linear field automorphism 
of C(r) given by a{X'') = \dci)\X'^ , for 7 G F. Then for all / G C{F), the identity 



F 



FA' 



fix) dx 



fix) dx = a 
follows. 

Proposition 1.9. If f belongs to £(F)c, then so does x ^ \fix)\. 



Proof. The statement with £ in place of CiF)c is true by definition of Haar integrability; 
hence the statement is true for £(J), for J any translated fractional ideal. 
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Now suppose that / = X)"=i with /; e say; we shah prove the result by induction, 
having done the case n = 1. We may assume that 71 < ■ ■ ■ < 7n, where 7^ is the height of Ji. 

If J„ = Jr for any r n, then /„ + /,. € C"^" , from which the result follows by the inductive 
hypothesis. 

Now suppose J„ ^ Jr for any r 7^ n; let a G J. We claim that the identity fr{x) = fr{a-) 
holds for all r ^ n and a; S J„; indeed if 7^ — "fn, then both sides vanish, and if 7^ < 7„ then 
it follows from the first case of lemma 11.21 With the claim established, the identity 

n — l n — 1 n — 1 

I/I = lE + 1/" + E -lE 

i—l i—1 i—1 

is easily verified, and so the proof will be complete if we can show that 

n—1 n—1 

I/. + E -IE (*) 

1=1 i=l 

belongs to C{F)c- Write /„ = g'^'f" for some g € C; then the function (*) is the lift at 0,72 of 



the Haar integrable function \g + fi{(^) \ ~ \ 



□ 



Although C{F)c is closed under taking absolute values, the following examples show that it 
that there is some unusual associated behaviour. 



Example 1.10. Introduce /i = char|-j|j, the characteristic function of t(l)OF, and /2 = 
— 2charg''' where S' is a Haar measurable subset of F with measure 1 and 7 is a positive element 
of r. Let / = /i + /2. 

(i) Firstly we claim that the following hold: 

rF rF 



\fix)\dx^O, 



f{x) dx 



Indeed, the second identity is immediate from the definition of the integral. For the first 
identity, note that as in the proof of the previous proposition (with n = 2), 

|/| = |/l| + |/2 + /l(0)|-|/l(0)|. 

Further, /i(0) = 1 and the function I/2 + II is identically 1. So |/| — char^jj^, from which 
the first identity follows, 
(ii) Secondly, the considerations above imply 

rF rF rF 



\f{x)\dx 



\fi{x)\dx^O, 



\f{^) ~ fi{x)\dx 



(iii) Finally, consider the translated function f'{x) — f{x — a), where a is any element of F 
not in Of- Then /' and / have disjoint support and so 

rF rF 



\f{x)-f'{x)\dx^ 



\fix)\ + \r{x)\dx 



\f{x)\dx- 



\f'ix)\dx = 



by translation invariance of the integral. Also, J f{x) — f'{x)dx ~ 0. Thus g = 
f — f provides an example of a complex-valued integrable function on F such that 
J |<7(a;)| dx = J g{x) dx = 0, but where the components of g in each C{J) are lifts of 
non-null functions. 



As will become apparent, it is more natural to integrate C(r)-valucd functions on F than 
complex- valued ones, so we define our main class of functions as follows: 
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Definition 1.11. A C(r)-valued function on F will be said to be integrable if and only if 
it has the form x i-^ fi{x)pi for finitely many fi £ C{F)c and pi G C(r). The integral of 
such a function is defined to be 



f{x) = ^ 



fi{x)dxpi 



This is well defined. The C(r) space of all such functions will be denoted C{F)\ the integral is 
a C(r)-linear functional on this space. 

In other words, L{F) = Cc{F) ®c C(r) and the integral is extended in the natural way. 
The integrable functions which are complex- valued are precisely C{F)c C C{F), so there is 
no ambiguity in the phrase 'complex- valued integrable function'. 
For the sake of completeness, we summarise this section as follows: 



Proposition 1.12. C{F) is the smallest C(T) space of C{T)-valued functions on F which 
contain g"---^ for all g € £, a £ F , 'y G T . There is a (necessarily unique) C{T)-linear functional 
on C{F) which satisfies 



g'''''{x)dx 



g{u) du . 



C{F) is closed under translation and is translation invariant. 



1.1. Generalisations 

Let us discuss several extensions of the theory. 



Abstraction Examination of the proofs in this section leads to the the following abstraction 
of the theory: 

Let F',i/',t',r' satisfy the same conditions as F,i',t,T, except that we do not suppose F 
is a local field. Let L be an arbitrary field, and C an L space of L-valued functions on F , 
equipped with an L-linear functional /, with the following properties: 

(i) C is closed under translation from F and / is translation invariant (ie. f G C and 
a G F implies y i— > f{y + a) is in C with image under / equal to /(/)). 

(ii) C contains no non-zero constant functions. 

Let C'{F') be the smallest L{T') space of L(r')-valued functions on F which contains /"'''' 
for / € a S F', 7 e F'. Then there is a (necessarily) unique L(F')-linear functional 
on C'{F') which satisfies I^' (P^^) = I{f)X^. Further, the pair C'{F')J^' satisfy (i) and (ii) 
with the field L{V') in place of L. 



Integration on F x F See appendix [Cl 



2. Measure theory 

In this section we recover a basic measure theory from the integration theory; results of 
[AoAS] are reproduced and extended. 

Definition 2.1. A distinguished subset of F is a set of the form a + p^^{S)t{'y), where 
a G F, 7 S F, and is a subset of F of finite Haar measure. 7 is said to be the level of the set. 

Let D denote the set of all distinguished subsets of F; let R denote the ring of sets generated 
by D (see the appendix for the definition of 'ring'). 
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Remark 2.2. Note that the characteristic function of a distinguished set a + p^^{S)t{j) 
is precisely the hft of the characteristic function of S at a, 7. Proposition 11.51 proves that if 
ai + p~^{Si)t{'yi) = 02 + p^^{S2)t{'^2), then 71 = 72 and 5*1 is a translate of 82- In particular, 
the level is well defined. 

Lemma 2.3. Let — ai + p^^{Si)t{'ji), i — 1,2, be distinguished sets with non-empty 
intersection. 

- If 7i = 72, then A\ n A2 and A\ U A2 are distinguished sets of level 71. 

- If 71 7^ 72; then Ai C A2 if 71 > 72; and A2 C Ai if 72 > 71. 

Proof. This is immediate from the definition of a distinguished set. □ 

Referring to the appendix, it has just been shown that Z? is a d-class of sets. By proposition 
IA.9[ the characteristic function of any set in R may be written as the difference of two sums, 
each of characteristic functions of sets in D; therefore the characteristic function of any set in 
R belongs to £{F)c. 

Definition 2.4. Define the measure p^{W) of a set in i? by 



By the properties of the integral, fi^ is a translation-invariant finitely additive set function 
R — > RT (the real group algebra of F). For a distinguished set A — a + p^^{S)t{'-f), remark [^?^ 
implies 



where p denotes our choice of Haar measure on F. The following examples demonstrate the 
unusual behaviour of this measure: 

Example 2.5. 

(i) For 7 e F, the set ^(7)0^ — t{-f — l)p~^({0}) is distinguished, with measure zero, 
(u) Let be a subset of F of finite measure. The set p^^{F \S) — Of \ P~^{S) belongs to 
R and has measure —p{S). Compare this with example II. 101 

(iii) p^ is not countably additive. Indeed, write -F as a countable disjoint union of sets 
of finite measure; F = \_\ Si say. Then Op = \_\ - P~^i^i) measure zero, while 

(iv) Suppose that F = R. Set A2„-i = nt(-l) + p-i([0, l/n]) and A2n = nt{-l) + p^^{R\ 
[0,1/n]) for all natural n. Then p^{A2n-i) = 1/"-, M^(^2n) — —I/"-, and |Ji = 
U„ nt{-l) + Of = t{-l)p'^{N) has measure 0. 

The series J2i P^i^i) is conditionally convergent in M (ie. convergent, but not absolutely 
convergent). By a theorem of Riemann (see eg. [1] chapter 8.18]), there exists, for any 
real g, a permutation cr of N such that p^{A^(^i^) converges to q. But regardless of 
the permutation, M^(Ui ^o-(i)) — 0- 

Let us consider a couple of examples in greater detail and give a more explicit description 
of the meausure: 

Example 2.6. 

(i) Suppose that F is an n-dimensional non-archimedean local field, with local parameters 
ti, . . . ,tn. Recall that we view F as a valued field over the local field F = Fi, rather 



p^{W) 



cliarvi/(a;) dx. 



p^iA) 



(char a) 



{charl;^ )= p{S)X-', 
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than over the finite field Fq. The results of this section prove the existence of a finitely 
additive set function fi^ on the appropriate ring of sets, taking values in K[X2, . . . , 
which satisfies 

for a € F and integers rj. Here Op denotes the ring of integers of F with respect to the 
rank n valuation. 

However, wc have not made use of any topological property of F; in particular, this 
result holds for an arbitrary field with value group and a non-archimedean local 

field as residue field. This measure theory therefore extends that developed in [AoAS], 
while also providing proofs of statements in [AoAS] for the case in which the local field 
is archimedean. 

(ii) Suppose that F = F{{t)), the field of formal Laurent series over F, or F = F{t), the 
rational function field (here we write t = t{l)). Then a typical distinguished set has the 
form 

a{t) + + t"'+'^F[[t]] (Laurent series case) 
a{t) + + (rational functions case) 

for a{t) G F, and S C F of finite Haar measure. Such a set has measure ^,{S)X'^, where 
/i denotes our choice of Haar measure on F. 

3. Harmonic analysis on F 
In this section, we develop elements of a theory of harmonic analysis on F. 

Definition 3.1. Suppose that tp : F ^ is a homomorphism of the additive group of F 
into the group of complex numbers of unit modulus. Then -ip is said to be a good character of 
F if it is trivial, or if it satisfies the following two conditions: 

(i) There exists f G F such that tp is trivial on t{f)OF, but non-trivial on t{f — 1)Of; f is 
said to be the conductor of tp. 

(ii) The conductor ijj of the additive group of F defined hy '4>{x) = '4'{t{^—l)x), for x G Op, 
is continuous. 

The conductor of the trivial character may be said to be — c». The induced character on F as 
in (ii) will be always be denoted tp- 

The definition of a good character is designed to replace the continuity assumption which 
would be imposed if F had a topology. 

Example 3.2. Suppose that F = F{{t)), the field of formal Laurent series over F (here 
t{l) = t). Let be a continuous character of F. Then Uif^ i— > ij>p{an) is a good character 
of F of conductor n + 1 and induced character 

Lemma 3.3. Suppose that ip is a good character of F of conductor f; let a € F. Then 
X I— > tp{ax) is a good character of F, with conductor f — ^{a); the character induced on F by 
X ^—^ ip{ax) is y i— > ip{r]{a)y). 

Proof This is easily checked. □ 

Given tp, a as in the previous lemma we will write tpa for the translated character x i— > tp{ax) 
(and wc employ similar notation for characters of F) . 
Before proceeding, we must make a simple assumption: 
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We assume that a non-trivial good character ip exists on F. 
By the previous lemma we assume further that ^ has conductor 1, and we fix such a character 
for this section. With this choice of conductor, x G Op imphes ip{x) = i^i^)- We wiU take 
Fourier transforms of integrable functions g on F with respect to the character ip; that is, 

gi^) = S 9{y)tp{xy)dy. 

Let C{F,tp) denote the C(r) space of C(r)-valued functions on F spanned by /V'a: for 
/ G C{F), a € F. The aim of this section is proposition 13. 7[ which states that the integral has 
a unique translation invariant extension to this space of functions. 



Remark 3.4. Such a character certainly exists on a higher local field. Indeed, such a field 
is self-dual: If ip, ipi are good characters with ip non-trivial then there is a G F^ such that 
ip{x) = ij;i{ax) for all x G F. For more details, see [AoAS] section 3. 

It is convenient for the following results to write (where 7 G F) for the sum of the spaces 
£(J) over all translated fractional ideals of height 7; this sum is direct by proposition 1 1.51 Note 
that if / G and a G F with j/(a) > 7 then f{x + a) = f{x) for all x G F. 

Certain products of an integrable function with a good character are still integrable: 

Lemma 3.5. Let J — a + ti^jOp be a translated fractional ideal and a G F. If j — —i'{a), 
then TpaCharj is the lift of 'ip{aa)'ip^f^^-^ at a, 7; if 7 > ~iy{a), then ipa is constantly ip{aa) on J. 
Therefore, if 7 > —i'{a) and f is in C then ftpa is also in . 

Proof. The identities may be easily verified by evaluating at on a + t{'j)OF- The final 
statement follows by linearity. □ 



In contrast with the previous lemma we now consider the case 7 < —//(a): 

Lemma 3.6. Let ai,ji be finitely many (1 < i < m, say) elements of F,T respectively 
and let fi G C"'^ for each i. Suppose further that v{ai) < — 7^ for each i and that J2i fii^at is 
integrable on F. Then J2i Mai = 0. 

Proof. The result is proved by induction on m. Let y G t{—h'{am))OF satisfy 4'am.iy) 7^ 1- 
The functions 

X^-^^Mx + y)'4)ai{x + 2/) = X! ^aAy)fi{x + y)tpai{x) 

i i 

X ^ ^i^ar„iy)Mx)llJai{x) 
i 

are integrable on F, the first having integral equal to that of fii^ai by translation invariance 
of J . Taking the diffe rence of the two functions, noting that fm{x + y) = fm{x), and applying 
the inductive hypothesis, obtains 

rF rF 



competing the proof. 



□ 



The main result of this section may now be proved: 

Proposition 
tional on C{F, tp) 



Proposition 3.7. has a unique extension to a translation-invariant C{T)-linear func- 
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Proof. To prove uniqueness, suppose that / is a translation-invariant C(r)-linear functional 
on C{F, ■(/;) which vanishes on C{F). We claim that / is everywhere zero; by linearity it suffices 
to check that / vanishes on f4>a for f ^ (any 7 e F) and a G F. If 7 > —v{a), then 
f'lpa is integrable by lemma [3?5l and so I{ftpa) = 0. If 7 < —h'{a), then let y £ t{—i'{a))OF 
satisfy ipa{y) 7^ 1; as in lemma the identity I{fipa) — '4'a{y)I{f'>Pa) follows from translation 
invariance of /. This completes the proof of uniqueness. 

To prove existence, suppose first that / G C{F, ip) is complex-valued, and write / — J2i fii^ai j 
for finitely many ai G F ^ and fi G C^^ say. Attempt to define 



I{f) 



fi{x)'ljja,{x)dx. 



E 

We claim that this is well-defined. Indeed, if / = 0, then function 

^ Ma, = - ^ fzlpci 

lies in £^ by lemma \3l5\ By lemma [3761 the function has integral equal to zero, and so 



= 



i:7> — z.'(ai) 'i:7> — i/(ai) 



fi{x)ll)a,{x)dx. 



This proves that / is well-defined. 

/ extends to C{F,^jj) by setting lCl2j gj X'^^) = Y^j I{gj) for finitely many complex- 
valued gj in C{F) and 7^ in F. Translation invariance of / follows from translation invariance 



off 



□ 



We shall denote the extension of to C{F, ip) by J^. 

Remark 3.8. The previous results maybe easily modified to prove that there is a unique 
extension of J to a translation-invariant C(F)-linear function on the space spanned by /^E* for 
/ G C{F) and 'i' any good character. 



Example 3.9. Compare with [AoAS] section 7, example. Suppose that F is non-archimedean, 
with prime tt and residue field of cardinality q. Let w = (up o r], v) be the valuation on F with 
value group Z x F (ordered lexicographically from the right), with respect to which F has 
residue field Fg. Let a E F , ^ , j £ "L; then 

{0 7 < ~v{a) 

J^,o_ Hv{a)y) dyX^ 7 = -iy{a) 

chart(^)p-i(^jO_)(a;) dx 7 > ~i^{a) 

Suppose further, for simplicity, that is trivial on irO-p but not on O-p, and that the Haar 
measure on F has been chosen such that O-p has measure 1; then 



Tp{r]{a)y) dy 



j > -Up{-q{a)) 



Therefore 



■0Q(a;)chart(^)p-i(^jo_)(a;) 




w{a) < (-j + 1,-7) 
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Finally, as charj^^^^.i^^.^^i) = cliart(^)p-i(^jc>_) - cliar((^)p-i(^j+io_), it follows that 



F 

V'a(a;)charj(^)^_i(^,(>,^)(a;) dx 



w{a) < {-j, -7) 

g-^-iX^ «'(a) = (-J, -7) 

[9-^(1 w{a)>{-j,-'y) 



3.1. Harmonic Analysis 



Now that we can integrate products of functions and characters, we may define a Fourier 
transform on F: 

Definition 3.10. Let / be in ^). The Fourier transform of /, denoted /, is the 
C(r)-valued function on F defined by f{x) = f{y)ip{xy) dy. 

The Fourier transforms on F and F are related as follows: 

Proposition 3.11. Let g be Haar intcgrablc on F, and j G T, a,b G F; set f = g'^'^i^b, 
the product of a lifted function with a good character. Then 

f = ij(ab)g-'''-^tl;aX^ 

where g is the Fourier transform of g with respect to tp. 

Proof. By definition of the Fourier transform, x G F implies 



rF 



fix) 



g''''^{y)i,{{b + x)y)dy. (*) 



This is zero if 7 < —v{b+x) ie. if x ^ — 6+^(— 7)C_f. Conversely, suppose that x — —b+t{—^)x[j, 
where xq G Of; then the integrand in (*) is 

an identity which is easy checked by evaluating on a + t{'y)OF. So 

rF 

fix) = m-i>y) 



9'''''{y)^^:\y)dy 



XO 

^ i;iti^-f)ay)g{xo) 

= i^iaix + b))gixo)X\ 

which completes the proof. □ 

Let SiF, if)) denote the subspace of C{F, %p) spanned over C(r) by functions of the form 
g°-'^tpi,, for g a Schwartz-Bruhat function on F, 7 G F, a, 6 G F. Recall that the Schwartz- 
Bruhat space on F is invariant under the Fourier transform and that there exists a positive 
real A such that for any Schwartz-Bruhat function g, Fourier inversion holds: gix) = Xgi—x) 
for all X G F. The following proposition extends these results to F: 

Proposition 3.12. The space SiF,tp) is invariant under the Fourier transform. For f in 
S{F, a double transform formula holds: fix) = A/(— x) for all x G F. 

Proof. By linearity it suffices to consider the case / = g°''''ipb, for 7 £ F, a, 6 G F, and g a 
Schwartz-Bruhat function on F. Then / = tpiab)g^^' 'ipaX'' belongs to S{F, ip) and so 

/ = iP{ab)i;i-ba)t''''^i;-bX-'^XS = ih)-''^''i^-b, 
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Remark 3.13. Let us consider the dependence of theory on the choice of character ■(/;; let 
tjj' be another good character of F. In the interesting case of a higher local field, self-duality 
suggests that we may restrict attention to the case ip' — ipa for some a £ ^ ; so we assume 
henceforth that ip' = V'a- Then C{F^tp) = C{F,ip'), where C{F,ip') is defined in the same 
way as C{F,i}}) but replacing tp by tp'] further, the uniqueness of the extension of J given by 
proposition 13 . 71 shows that the this extension does not depend on -0. 

Let f be the conductor of ip' , and ip' the induced character of F; thus ^'(a;) = ^'(^(f — l)^;) 
for X G Of- By lemma [331 ip' = ipri{a)^ and f = 1 - i^{a). 

Let g be Haar integrable on F, and 7 e F, a, 6 G F; set / = g°''^ipb- Let / denote the Fourier 
transform of / with respect to ip'] then for y F, 

rF 

f{y)= f{x)ip'{yx)dx 
= 9''''-<Pab{ay) 

= V(aa6)5-"^-^(ay)V'a(ay) X\ 

by proposition 13. 1 ll Further, y 1-^ {cty) is the lift of t; ^ g{rj{a)v) at — &, —7 — v{a), an 

identity easily proved (or see the proof of lemma WA\ . Also, g{rj{a)v) = g{v), where g is the 
Fourier transform of g with respect to ip , and so the analogue of proposition 13 . 1 ll follows : 

f ^4''{ab)g-''-''-'''-''H'aX-'. 

For / in ip') = S{F, tp), the analogue of propositionEHnow follows: / = ^""'^V'^t X^''^"). 
That is, 

for all X ^ F, where A' is the double transform constant associated to ip' (see the paragraph 
preceding proposition 13. 12p . 



4. Integration on F^ 

In this section, we consider integration over the multiplicative group F^ . By analogy with 
the case of a local field, we are interested in those functions (f> of for which x (/!)(x)|a;|^^ 
is integrable on F, where | • | is a certain modulus defined below. 

4.1. Integration on F^ 

Let I ■ I = I ■ l^p denote the absolute value on F normalised by the condition J g{ax) dx = 
|a|~^ J 9{x) dx for 5 G £, a G F^ . First we lift this absolute value to F: 

Lemma 4.1. Let f be a C(F)-vaiued integrable function on F and a G F^ . Then the scaled 
function x ^ f{oix) also belongs to C{F), and 



F 



f{ax)dx = \i^{a)\-'X 



— 1 \r — u{a) 



F 



f{x) dx. 



Proof. By linearity we may assume that / is the lift of a function from £; / = g"'''^ say. 
Then for all x G a'^^a + t{-f)OF), 



f{ax) = g{{ax - a)i(-7)) = 5(77(0) {x - a '^a)t{v{a) - 7)) 
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So the function x i— > f{ax) is the hft of the function y i-^ g{vi'^)y) ^ ^'^j 7 ~ v{q). This has 
integral 

_<?(r,(a)2/)dyX^-''(") = \i^{a)\-' \_g{y) dy X''"'^"'^ 

JF JF 

= h(«)|-iX-^(")| fix)dx, 
as required. □ 
Remark 4.2. Lemma im remains vahd if C{F) is replaced by C{F,tp). 
The lemma and remark suggest the follows definition: 

Definition 4.3. Let a be in F^; the absolute value of a is |a| = |7y(Q;)|X''("). 

Let £{F^,ip) be the set of C(r)-valued functions (j) on for which a; i-^- a 
function of F^, may be extended to F to give a function in C{F,'ili). The integral of such a 
function over is defined to be 



(x) dx 



(x)\x\ dx, 



where the integrand on the right is really the extension of the function to F . 

Remark 4.4. There is no ambiguity in the definition of the integral over F^ , for x 
4>{x)\x\~^ can have at most one extension to C{F,ip). This follows from the fact that C{F,tp) 
does not contain char{o}. 

F^ 

C{F^,Tp) is a C(r)-space of C(r)-valued functions, and J is a C(r)-linear functional. 
Moreover, the integral is invariant under multiplication in the following sense: 



Proposition 4.5. If (f> belongs to C^F'^^ip) and a is in F^ , then x 
C{F^ , (f)) and (j){ax) dx ^ (j){x)dx. 



(ax) belongs to 



Proof. Let x i— > be the restriction to F^ of / G C{F,4'), say. Then x 

(j){ax)\x\^^ = \a\(j>{ax)\ax\^^ is the restriction to F^ of a; i— > |a|/(aa;), which belongs to 
C{F,tp) by lemma By the same lemma, 



(j){ax) dx — 



a\ \a\ 

FX 



>;|/(aa:)|x| ^ dx 
rF 

f{x) dx 



(x) dx. 



as required. 



□ 



Example 4.6. Let us evaluate a couple of integrals on F^. 
(i) Let g be Haar integrable on F, a G F, 7 G F, and assume ^ a + t{'j)Op. Let (j) be the 
restriction of 5°''' to F^ . Then (f) e C{F^ , ijj), and 



{x) dx — \a\ ^ 



g''^^{x)dx. 
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Indeed, a; G a + t{j)OF implies 77(2;) = 77(a), and so x t-^ (f>{x)\x\ ^ is the restriction of 
\a\-'^g''^^ to F"". 

(ii) Let g be Haar integrable on F , and let cf) be the function on which vanishes off 
Op and satisfies = g{x) for x G Op- Then (j> e C{F^ and 



I da; = 



g(a;)|x| dx. 



Indeed, let h be the extension of a; i-^ (7(a;)|a;|^^ to F defined by h{0) = 0. Then h 
is Haar integrable on F, and G 'C(i^) restricts to the function of given by 
X 1-^ (l>{x)\x\~^. 



5. Local zeta integrals 

In the remainder of the paper we will discuss (generalisations of) local zeta integrals. We 
now state the main results of local zeta integrals for the local field F; see |181 chapter 1.2]. 
Let g be a Schwartz-Bruhat function on F, uj a quasi-character of F , and s complex. The 
associated local zeta integral on F is 

CF(ff'^'S)= _ g{x)uj{x)\x\'' dx; 

this is well-defined (ie. the integrand is integrable) for Re(s) sufficiently large. Associated to the 
character uj there is a meromorphic function L{lu,s), the local L-function, with the following 
properties: 

(AC) Analytic continuation, with the poles 'bounded' by the L-function: for all Schwartz- 
Bruhat functions g, Qp{g , uj , s) / L{uj , s) , which initially only defines a holomorphic func- 
tion for Re(s) sufficiently large, in fact has analytic continuation to an entire function 

%(5,'^,s) 

of s. 

(L) 'Minimality' of the L-function: there is a Schwartz-Bruhat function g for which 

Zp{9,i^,s) = 1 

for all s. 

(FE) Functional equation: there is an entire hmction e(a;, s), such that for all Schwartz-Bruhat 
functions g, 

%(5>^"\l ~ s) = e{uj,s)Zp{g,uj,s). 

Moreover, e{x, s) is of exponential type; that is e(x, s) — aq^^ for some complex a and 
integer b. 

Having lifted aspects of additive measure, multiplicative measure, and harmonic analysis 
from the local field F up to F, we now turn to lifting these results for local zeta integrals. 
Later, in section [71 we will assume that F is a two-dimensional local field and consider a 
different, more arithmetic, local zeta integral. To avoid confusion between the two we may 
later refer to those in this section as being one-dimensional; the terminology is justified by the 
fact that this section concerns lifting the usual (one-dimensional) zeta integrals on F up to F. 

Definition 5.1. For / in 5(F, 7/;), uj : Op ^ a homomorphism, and s complex, the 
associated (one-dimensional) local zeta integral is 



Cf(/,^,s) = 



/(a;)ti'(a;)|x|'*charQX {x)dx, 



assuming that the integrand is integrable on F^ 
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Remark 5.2. The inclusion of a cha-r^x is solely for the benefit of the later study of 
two-dimensional zeta integrals where integrals over Op are more natural. 



We will focus on the situation where w is trivial on 1 +t{l)OF; that is, there is a homomor- 

phism ZJ : F ^ such that uj(x) = uJ(x) for all x e Op. If this induced homomorphism 
uj is actually a quasi-character (ie. if it is continuous), then we will say that w is a good 
(multiplicative) character. 



5.1. Explicit calculations and analytic continuation 

Wc now perform explicit calculations to obtain formulae for local zeta integrals attached to 
a good character: 

Lemma 5.3. Let u; he a good character of Op; let f = g'^'^ipb be the product of a lifted 
function and a character, where g is Schwartz-Bruhat on F , a,h & F , ^ ^ V . Then we have 
explicit formulae for the local zeta integrals in the following cases: 

(i) Suppose that v{a) < min(7,0); or that < v{a) < 7; or that < 7 < ^{a). Then 
f{x)u){x)\x\^char^x (x) = for all x G F, s G C. 

(ii) Suppose = jy{a) < 7. Then f{x)uj{x)\x\^char^x{x) = uj{a)\a\'^ f{x) for all x G F, 
s G C; the local zeta integral is well-defined for all s and is given by 



Cp{f,LO,s) = Lo{a)\a\ 



F 

s-1 



f{x) dx. 



(iii) Suppose = 7 < i/(a). TJien the local zeta integral is well-defined for Re{s) sufRciently 
large, and is given by 



Cpiaii't^ w, s) if u{b) > 
ifu{b)<0 



Cp{f,uj,s) 

where gi is the Schwartz-Bruhat function on F given by gi{u) = g{u — a). 



Proof. In any of the cases in (i), / vanishes off Op: so /(x)char^x (x) = for all x E F. 

In case (ii), a-\-t{'-f)OF is contained in Op, and x G a-\-t{j)OF implies a;(a;)|a;|^ = ui{a)\a\^; 
this implies that /(a;)w(a;)|a;|*char(>,x (a;) = f{x)u{a)\a\^chaTQx{x) for all x G F, s £ C. 
Moreover, for all x E F, these results again imply /(a;)|a;|~"^ = f(x)\a\~^; therefore / is 
integrable over F^ , with f{x) dx = J'^ f{x) dx. 

Finally we turn to case (iii). First note that g°'''^uj\ ■ [""^cliarj^x is the lift oi g\Ld\ ■ |*~^char-pX 
at 0, 0. Now, if Re(s) is sufRciently large then the theory of local zeta integrals for F implies 
that giW\ ■ |*~"'^charyx is integrable on F\ thus fuj\ ■ Y~^cli&rQX is the restriction to F^ of 
{giuj\ ■ |'*~^char-px )'^'°tpb, a function which belong to jC{F, ip). 
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By definition of the integral on i^^ it follows that (for Re(s) sufficiently large) fui\-\^~^cha,ii:QX 
belongs to iC{F^,'tl)), and 



/(x)a;(x)|a;|*charQX (x) dx = 



{giLj\ ■ \'-^chiiT-^x)°'°{x)Mx)dx 



= < 



J (giaJ| • l^-ichar-px f'°{x) dx if > 
S^{gicJ\ ■ I'^-ichar^pX V^)°'°(a;) dx if v{h) = 
if iy{b) < 

J gi{u - a)a7(M)|u|''~-^char-^x (u) du if iy{b) > 

^ gi{u — a)cU(u)|'u|*~^char-px {u)ipb{u) du if ^{b) = 
if u{b) < 

Cigi,w,s) iiv{b)>0 

C{9ii'b''^,s) ifi^(&)=0 
if i^{b) < 

as required. □ 

Remark 5.4. Let w and / = g°'''^ipb be as in the statement of the previous lemma. The 
lemma treats all possible relations between iy{a), 7, and with the exception of iy{a) > 7 < 0. 
There are complications in this case: since /char^x = /(O)char0x , we wish to calculate 



C]r(/,a;,5) = /(0) 



For example, if ipb has conductor 1 then 



V'6(a;)a;(a;)|a;|char^x (x) dx. 



tpbi^l ■ l^char^x = {ipbw\ ■ |*char-px )°'° 



and so the zeta integral is formally given by 

C^(/,a;,s) = /(0) 



'4)b{x)'^{x)\xY dx. 



If F were finite then this would be a gaussian sum over a finite field, a standard ingredient of 
local zeta integrals; with F a local field it is unclear how to interpret this but the following 
examples provide insight. 

Example 5.5. Suppose F is non-archimedean and consider the formal integral 

'il)K{x)ui{x) dx 

with ijjK an additive character and uj a multiplicative quasi-character with Re(w) > (recall 
that this is defined by \uj{x)\ = \x\^<'^^ for all x). If n is a sufficiently small integer, then we 
have a true integral 

ij)K{x)uj{x) dx = 0, 

where w is the discrete valuation of F; so for n sufficiently small the value of the integral 

iI)k{x)w{x) dx = 

J {x:w{x)>n} 

does not depend on n. It seems reasonable to adopt this value as the meaning of the expression 

Spx ipK{x)oj{x)dx. 
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Example 5.6. Suppose F = M. and we wish to understand the formal integral 



■ dx. 



Replacing 27rz by some complex A with Rc(A) < gives a true integral with value 



e-^^ dx = -1/A. 



Similarly we have 



e^^dx = 1/A 



for Re(A) > 0. This suggests that, formally, 



and 



' dx — 



'^sign(a;) dx 



' dx 



dx^O 



e^^" dx 



dx — i/n 



where sign(a;) is the sign (±) of x. 

The first of these integrals is already taken into account by our measure theory: if _F = 
and tp is the character defined by ipij^n ^nt") — e^^'"" (see example l3.2p . then i/jcharo^ belongs 
to £{F,il;) and ^p{x)cha,rop{x) dx = 0. But -^charo^ is also the lift of x i-^ q2ttxi q q 
formally V'(2;)chare)jr (x) dx = g^-nix 

Such manipulations of integrals are common in quantum field theory (see eg. |15j ) and I am 
grateful to Dr. Jorma Louko for discussions in this subject. That such integrals appear here 
further suggests a possible relation between this theory and Feynman path integrals. More 
evidence for such relations maybe found in sections 16 and 18 of [6]. 



Ignoring the complications caused by this difficult case we may now deduce the first main 
properties of some local zeta functions. The appendix explains what is meant by a C(r)-valued 
holomorphic function. 

Proposition 5.7. Let lu be a good character of Op, and let f be in S{F, ip); assume that 
f may be written as a finite sum of terms f = gi'^''^^'>Pbi Pi wiiere each g^^'^^tpbi is treated 
by one of the cases of the previous lemma and pi G C(r). Tiien 

(i) For Re{s) sufhciently large, the integrand of the local zeta integral Cp{f,uj, s) is inte- 
grable over F^ and so the local zeta integral is well-defined. 

(ii) C^{f, oj, s)/L{lJ, s) has entire analytic continuation: that is, there is a C(r)-vaiued holo- 
morphic function Zp(f, uj, s) on C which equals CM/i s)/L(uj, s) for Re{s) sufEciently 
large. 

(iii) There is some function g E S{F, -0) for which Zp{g, uj,s) = 1 for all complex s. 

Proof. The results follow by linearity, the previous lemma, and the main properties of local 
zeta integrals on F. □ 



It is important to extend this result to all / in S{F, ip); therefore the complication discussed 
in remark [53] must be resolved. 



Remark 5.8. We now briefly consider functional equations. These is no result as satisfac- 
tory as for zeta functions of a one-dimensional local field, and there is no reason why there 
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should be due to the char^^x factor. The most interesting issue here is making a functional 
equation compatible with the difficulties caused by remark [5T^ this should indicate correctness 
(or not) of examples 15.51 and 15.61 

6. Local functional equations with respect to s goes to 2 — s 

In this section we continue our study of local zeta functions, considering the problem of 
modifying the functional equation (FE) on F so that the symmetry is not s goes to 1 — s, 
but instead s goes to 2 — s. This is in anticipation of the next section on two-dimensional zeta 
integrals, where such a functional equation is natural. 

Since this section is devoted to the residue field F, we write K — F. We fix an non-trivial 
additive character ipK of K (until proposition 16.131 where we consider dependence on this 
choice) . Fourier transforms of complex- valued functions are taken with respect to this character 
(and the measure which was fixed at the start of the paper): g{y) =^ J g{x)ipKixy) dx. 

The two main proofs of (FE) are Tate's '22' using Fubini's theorem, and Weil's [23] using 
distributions. For Weil, a fundamental identity in the non-archimedean case is 

^) = \a\-^g{a-'-) (*) 

for a £ , where we write g{a •) for the function x i— > g{ax), notation which we shall continue 
to use. 

The aim of this section is to replace the Fourier transform with a new transform so that (*) 
holds with in place of This leads to a modification of the local functional equation, 

with I • P in place of | • |; see propositions 16.11 and 16 . 241 

6.1. Non-archimedean case 

We assume first that if is a non-archimedean local field. The following proposition precisely 
explains the importance of the identity 17(0; •) = |Q;|~^g(Q;~^ •) 

Proposition 6.1. Suppose that g ^ g* is a complex linear endomorphism of the Schwartz- 
Bruhat space S{K) of K which satisfies, for some integer n, 

g(a.)* = |arV(a-'-) 

for all g E S{K), a E . Let oj he a quasi-character of . Then there is a unique entire 
function e^(w, s) which satisfies 

Z{g*,uj-^,n~ s) = e^{uj,s)Z{g,uj,s) 

for all g e S{K), a £ K"" . 

Proof. Let 5 be a Schwartz-Bruhat function on and a E . Then for Re(s) sufficiently 
large to ensure integrablility, the identity 

C{9{oL-),uj,s) = uj{a)~'^\a\~%{g,uj,s) 

holds. Conversely, for Re(s) sufficiently small, the assumed property of * implies that 

C{g{a-)*,uj~^,n- s) cj(q;)~^ |a|"X(.g*, n - s). 

Therefore, for all complex s, 

Z{g{oi-),uj,s) = uj{a)~'^\a\'''Z{g,uj,s) 

and 

Z{g[a-)* tLO^'^ ,n — s) — u}[a.)^^ \a\^^ Z{g* ,uj^^ ,n — s). 
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So the complex linear functionals A on S{K) given by 

g ^ Z{g,uj,s) 

and 

g i-^ - s) 

(for fixed s) each satisfy A{g{a-)) — Lu{a)~^\a\^''A{g) for all g G S{K), a £ . But the space 
of such functionals is one-dimensional (see eg. |181 chapter 1.2]) (for uj \ ■ |~*) and there is 
/ 6 S{K) such that Z{f,uj,s) = 1 for all s (property (L) of local zcta integrals); this implies 
the existence of an entire function e,(aj, s) as required. □ 



Remark 6.2. Suppose that * maps S{K) onto S{K). Then there is 5 e <S{K) such that 
Z{g*,uj^^, 1 — s) = 1 for all s and so e*(a;, s) is nowhere vanishing. 

Our aim now is to investigate the epsilon factors attached to a particular transform * which 
satisfies g{a-}* = \a\~'^g*{a~^ ■). Let w : — > Z be the discrete valuation of K and tt a 
prime. 



Definition 6.3. Define 

y -.K K 

(and V(0) = 0). 

For 5 be a complex-valued function on if, denote by Wg the function 



Wg{x) 



g{TT ^i^y^x) if 'w{x) is even 
g(^^(-w{x)^i)/2^^^ if w{x) is odd 



(and WgiO)^giO)). 

Assuming that Wg is integrable on K, define the * -transform (with respect to tt) of g by 

g* =WgoV. 

Remark 6.4. Compare this definition with [23] and [AoAS] section 15 where Fesenko 
defines the transform on two copies of a two-dimensional local field F x F. 

The *-transform depends on choice of prime tt. We may also denote by V the composition 
operator V(g) — g o\/. 

The space of Schwartz-Bruhat functions S{K) is closed under the *-transform. 

It is easy to verify the the *-transform has the desired property: 

Lemma 6.5. Suppose that g is a Schwartz-Bruhat on K and that a £ . Then 

g{ar^\a\-'g*{a-^-). 

Proof. If a; e F^, then W{g{a ■)){x) = W{g){n'"^°'^ax). Hence 
WMa-)) = |7r^"(")a|-iW^(7r-"'(")a^i •)• 
Evaluating this at V(x) yields 

gia-Yix) = |ar2t^(7r-'"(")a-i7r"'(^)x) = \a\-^ g* (a'^ x) . 

□ 
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Remark 6.6. More generally, the previous lemma holds for any complex valued g for which 
Wg and W{g{a-)) are both integrable. 

We now *-transform several functions. Let be the measure of Ok under our chosen Haar 
measure and let d be the conductor of ^k- 

Example 6.7. Suppose g ~ charTr'-o^. Then Wg = char^2rQ^. , which has Fourier trans- 
form /ig^^''char„(i-2rc)^. . So the *-transform of g is 

g* = fj.q^^''cha.T^fa/2-]-,OK' 

where \d/2] denotes the least integer not strictly less than d/2. Compare this with the Fourier 
transform 



g = i-iq ''char^d- 



'Ok- 



Example 6.8. Suppose h = chari+7r'-c>K- with r > 1. Let x G K^. If w{x) is even, then 
Wh{x) = 1 if and only if x G 1 + tt^Ok'-, if w{x) is even, then Wh{x) = 1 if and only if 
TT^^x e a + 7r''OK- So 

Wh = chari+^^o^, + char^(i+^rc,^), 

whence 

Wh = ^iq~''cha.T^d-rc,^ipK + ^lq~''~^chaT^d-^-lQ^'^pK{^^ •)■ 

For the remainder of this example assume /i = 1, d = 0, r = 2; we shall compute the double 
*-transform h**. 

It may be easily checked that ii x E K, then 



if a; ^ tt-^Ok 

X 

K 



if xe Ok 



and 



char,-3e,^(V(x))^K(7rV(x)) = <^ ^k{x) if x G tt-^O"" 



Ok 

X 

K 



if xe Ok- 

From the identity for Wh it now follows that 

h* = (7~^(V'x(7r"^ •) + g~Vi<')char^_i(^x + q^'^{l + q^'^)chaioK- 
Set hi = ipKiT^^^ •) char^_i|^x , /i2 = q^^il>K char^_i(^x ; it may be checked that 
Whi = '0K(7r"^ •) char^_i0x + ipK char^^a^x 
Wh2 = q^^^K char^_iQX + q^^ipKiT^ •) char^_2cix 
Standard Fourier transform calculations now yield 

Whi = gchar^^-i+^o^^, - char_^-i+o^, + q"^ char_i+^2c)^, - q char^i+^rOx 
Wh2 = char_i+^c)^- - q^^ charo^ + g char_^-i+^2o^ - char^rcij^. 

Further, by example 16.71 W^(charc)^) — cliaro^, and so 

q'^W{h*) = qchar_^-i+^c)^ - char_^-i+o^, + char_i+„2c)^ - qchar_i+^C> 
+ char^i+^OA- + <lchaT_^-i+^2Q^ - charTro^ + charo^y. 
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Now, X ^ implies u'(Vx) is even, and so 

q'^W{h*) oV = char_i+^2c,^ o V - gchar^i+^Ofc ° ^ 

+ char_i+7rOA' ° V - charTro^- o V + charo^f o V 
= char_i+^2c,^^ - g char_i+^C);^ 
+ char_i+jro^ - charTrOx + 

charQ^ . 



That is. 



h** = q ^ char^ix - g "^(1 - (? ^)char_i+7rOK + char_i+^2c,^^ . 



Note that ahhough the definition of the *-transform depends on choice of prime tt, the double 
*-transform h** of h does not. This will be proved in general below. 

Let us now obtain explicit formulae for the epsilon factors e^(uj, s). 

Example 6.9. We calculate the epsilon factor attached to the *-transform for the trivial 
character 1. Suppose for simplicity that Ok has measure 1 under our chosen Haar measure. 
Let / = charo^. Example 16 . 71 implies /* = char^[(i/2i-rQ^^. ; it is a standard calculation that 
l,s) = l-q-^ and Z(/*,l,2 - s) = (1 -^-1)^^/21(^-2) foj. g. Therefore 



.(l,s)=gr'^/2l(.-2) 



for all s. 



Example 6.10. We now calculate the epsilon factor attached to the *-transform for rami- 
fied quasi-characters. Continue to suppose that that Ok has measure 1. 

Let w be a quasi-character of _ftr ^ ofconductorr > 0; that is, wIi+tt'-Ok- = 1 but cjli+Trr-iQ^, ^ 

1 

Let h = chari+TrrQ^; so C(/i,w,s) is constantly m, the measure of 1 + tt^Ok under dx — 
\x\~^dx. The aim is now to calculate ({h* ,uj~^, 2 — s) without calculating h*. By example [ 
Wh ^ h + h{Tr^^-), and so Wh = h + q^^h{TT-). Therefore 



h{Tr'^'^''^+^x)uj{x)-^\x\^-'dx 



h{Tr^x)uj{x) ^dx 



,-l^,n(-2) 



w-i(n) 



h{TT"+^x)Lu{x)-'^di 



is-2) 



h{n^''x)Lj{x)-^di 



h{TT'^''+^x)uj{x)-^dx 



But by Tate's calculation |22) when calculating the epsilon factor in this same case, 

' q-''^^mpo{Lj-^) iiN=^d-r 



h{TT^ x)uj{x) ^dx 







otherwise 
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where po{lu^^) is the root number of absolute value one 

e 

the sum being taken over coset representatives of 1 + tt^Ok in O^. 
Therefore 



\ g('^-'-)(«-2)/2a;(7r)('^-'^)/2)g-'-/2m/3o('^"^) d-r even 

|^(d-r-l)(«-2)/2-l^(^)(l + r-d)/2)^-r/2^^^(^-l) d - T odd 



where dd-r = 1 if r — d is even and = q ^ if r — d is odd. Finally, as we have already observed 
that C,{h, co,s) = m for all s, and L{u), s) = 1 for such a character, 

e4w,s) = q^^^-''^/^^^^-^^u{7r)^^^-''^/^\-^/^Sd-rPo{uJ-'). 

Remark 6.11. More generally, if Ok has measure fx under our chosen Haar measure, then 
each of the epsilon factors above is multiplied by a factor of /z. 

Let us now consider what happens when we take the double transform /**. If a; is ramified 
with conductor r, then 

= i?q'-%.rq-''u>{-l) 
= p,'^q-%-rtj{-l)- 

If we declare the conductor of an unramified character to be then this formula remains valid 

for unramified uj. 

Therefore two applications of the functional equation imply that for all / G S{K), all 
characters u of conductor r > 0, and all complex s, 

C(/**, s) = f,^q-%.M-l)af, UJ, s). (A) 

We will now proceed to use our results on epsilon factors to deduce properties of the *- 
transform; the idea is to use identities between zeta integrals to obtain identities between the 
functions. The following result is clearly of great importance in this method: 

Lemma 6.12. Let f G S{K) and suppose that ({f, w, s) = for all quasi-characters co and 
complex s; then / = 0. 

Proof. Let / be in S{K). Then / — /(O)chare)^ belongs to S{K^) and so the zeta integral 
C(/(0)charc)^, , cj, s) is well-defined for all s and belongs to C[g*,g~*]. Indeed, it suffices to 
observe that S{K^) is spanned by chara+^mo^ where w{a) > m, and C(chara_|_^m(p^, s) = 

g""'^"^' f ^ u)(s) dx. 

However, for a; = 1 the trivial character, 

C(/(0)charo^, 1, s) = /(O)m(l - q-')-^ 

where m is the multiplicative measure of O^. So the assumption that l,s) = implies 
/(0)(1 - q-^y^ e C[q',q-'\ as a function of s. This is false unless /(O) = 0; therefore /(O) = 
and/e5(F><). 

So now C,{f,uj, 1) is well-defined for all characters uj of and equals f{uj) where " denotes 
Fourier transform on the group - so / is a function on the dual group of X{K^) of if ^ . By 
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the injectivity of the Fourier transform (see eg. ^ chapter IV]) from L^(K^) to C{X{K^)) 
our hypothesis imphes that / = 0. □ 

We win now use identity (A) to prove results about the *-transform. Recah that the transform 
depends on the choice of both non-trivial additive character and prime; surprisingly, the double 
*-transform does not depend on choice of prime: 

Proposition 6.13. The double *-transform does not depend on choice of prime tt. If the 
character tpx is replaced by some other character, with conductor dl say, and we assume that 
d' = d mod 2, then the double * -transform is multiplied by a constant factor of q'^ 

Proof. Write more generally Di for the double *-transform with respect to prime tt^ and 
character ip\. for i = 1,2; let di be the conductor of ip]^ - assume di — c?2 mod 2. Equation 
(A) implies that for all / G S{K), all characters u) of conductor r > 0, and all complex s 

Lemma [6.121 implies now that Dif = q'^^^'^^ , revealing the independence from the prime 
and claimed dependence on the conductor of the character. □ 

We will now use the identity (A) to prove that * is an automorphism oiS{K). It is interesting 
that we are using properties of zeta integrals and epsilon factors to deduce properties of * ; one 
would usually work in the other direction but the author could find no direct proof and it is 
very satisfying to apply zeta integrals to such a problem! 

Proposition 6.14. The *-transform is an linear automorphism of S{K). 

Proof. Let D denote the double *-transform on S{K) with respect to our chosen character 
(we have shown that it does not depend on choice of prime); let Di denote the double *- 
transform on S{K) with respect to a character with conductor di ^ d mod 2. Equation 
(A) implies that for all / g S{K), all characters w of conductor r > 0, and all complex s 

C{D,Df, Lo, s) = ^i^q-'''Sd,-M-l)C{Df, Lo, s) 
= ti^q-''-''^q-\{f,UJ,s) 

as 5d-r^di—r = for all r. 

Lemma 16.121 now implies that DiDf — fi^q~''^~'^^q~^ f for all / £ S{K). Therefore * is 
injective. Replacing DiD by DDi in the argument similarly shows that * is surjective. □ 

Remark 6.15. The key to the previous proof is the identity Sd-rSdi-r — q~^, which 
removes the dependence on the conductor r of the multiplicative character. There is no clear 
way to relate zeta integrals of /** with those of / in a manner independent of the character; 
so we were forced to transform four times! 

The following result shows that if ipx has conductor then the *-transform and Fourier 
transform agree on functions lifted from the residue field K: 

Proposition 6.16. Assume that the conductor of ipK is 0. Let h be a complex-valued 
function on K and r an integer; let f = h'^'^ be the lift of h at 0,r (that is, f vanishes off tt^Ok 
and satisfies /(tt'^x) = h(x) for x G Ok)- Then f* = q'^-^f. 
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Proof. Suppose initially that r — —1; to prove the assertion it sufhces to consider functions 
/ = chara+o^- for a G tt^^Ok- For such an / it is easily checked that W'{f) = / and /* — f. 

For arbitrary r, note that x i— > /{ir^^^x) satisfies the hypotheses for the r = —1 case; lemma 
16.51 and the corresponding result for the Fourier transform, namely f{a-)* = \a\~^f{a-) for 
aeK"", imply /* = q^^'-^f. □ 

Let us summarise the main results of this section concerning local zeta integrals, the *- 
transform, and related epsilon factors. 

Proposition 6.17. Let u be a quasi-character of . Then 
(AC*) Analytic continuation, with the poles 'bounded' by the L-function: for all Schwartz- 
Bruhat functions g, C-p(g, w, s)/ L{uj, s), which initially only defines a holomorphic func- 
tion for Re{s) sufficiently large, in fact has analytic continuation to an entire function 

of s. 

(L*) 'Minimality' of the L-function: there is a Schwartz-Bruhat function g for which 

Zp{9,i^,s) = 1 

for all s. 

(FE*) Functional equation: there is an entire function s), such that for all Schwartz- 

Bruhat functions g, 

Zpig,^^^, 1 - s) = i^{^,s)Zp{g,uj,s). 

Moreover, e*(a;,s) is of exponential type; that is, e,(a;,s) = ag''^ for some complex a 
and integer b. 

Proof. Properties (AC*) and (L*) are just (AC) and (L) because they are independent of 
the chosen transform. (FE*) is proposition 16.11 and the epsilon factors were shown to be of 
exponential type by explicit calculation in the examples. □ 

Remark 6.18. For applications to zeta- integrals on two-dimensional local fields we will 
require the *-transform and zeta integrals for functions defined on the product space K x K . As 
S{KxK) ^ S{K)'g)S{K),wemay iust define the *-transformon5(ii:xi4:) by (/(g)g)* = 
and linearity. 

Suppose that a; is a quasi-character of x K^; write uj{x,y) = uji{x)uj2{y) for quasi- 
characters uji oi . The decomposition S{K x K) = S{K) S{K) and previous proposition 
imply 

(i) For aU / e S{K x K), the integral C,KxK{f s) = ^^f{x,y)uj{x,y)\x\^\yYdxdy is 
well-defined for Re(s) large enough. Moreover, s (^KxK{f,t^, s)/ {L{uji, s)L{llJ2, s)) 
has analytic continuation to an entire function ZkxkI/,^, s). 

(ii) There is / e S{K x K) such that ZKxK{f,ijJ, s) = 1 for aU s. 

(iii) For all / e S{K x K), there is a functional equation: 

^Kx/<-(/*,w"\2 - s) = e,(wi, s)e,(w2, s)Zkxk(/, s) 
for all s. Note that e*(wi, s)e*(a;2, s) is of exponential type. 

6.2. Archimedean case 

Now suppose that K is an archimedean local field. Rather than present a version of propo- 
sition 16.11 using tempered distributions, we will just define an analogue of the *-transform 
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considered above and investigate its properties. The existence of an s goes to 2 — s functional 
equation will shown as in 22 , via Fubini's theorem. 

Definition 6.19. Introduce 

y -.K ^ K 

X |a;|a:. 

Note that this V is a bijection with inverse x ^ x\x\^^ (for x e K'^ ). Given a complex-valued 
function / on K, define its *-transform by 

/* = /^^i o V, 

assuming that f oV^^ is integrable. 

Remark 6.20. Note that the archimedean and non-archimedean V maps have the same 
form: Vx — a{x)x where cr is a splitting of the absolute value. 

This archimedean *-transform has an integral representation similar to the the Fourier 
transform: 

Lemma 6.21. Let g be a complex-valued function on K such that x i-^ 5(2:) |x| is integrable. 
Then g* is well-defined and 



g{x)ipKiy{yx))\x\ dx. 



Proof. By definition of the *-transform, 



9*iy) 



giu\u\ ^)ipKiuy\y\)du. 



To obtain the desired expression, change variables x — u\u\^/^ = V ^{u) in the integral. □ 

Remark 6.22. The previous lemma is enough to prove that if / is a Schwartz function on 
K, then both /* and /** are well-defined. Unfortunately, it is false that the ^-transform of a 
Schwartz function is again a Schwartz function, as the following example shows. 

Example 6.23. We *-transform the Schwartz function g{x) — e^"^ on R with additive 
character e^^". Firstly, g o V~^(a;) = g--n-sign(a;)x^ where sign(a;) is the sign (±) of x, and so 



go V-i(2/) 



e^^^e^"^^ dx + 







A standard calculation from the calculus of residues is e~°'^e^^^dx = \/{a — ib) for real 
a,h with a > 0. Therefore g o V^^iy) = 27r/(7r^ + 47r^y^) and so 

*( - 27r 

which does not decay rapidly enough to be a Schwartz function. Since g o is not differen- 
tiable at 0, this is in agreement with the duality provided by the Fourier transform between 
smoothness and rapid decrease. 



We now prove an s goes to 2 — s functional equation: 
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Proposition 6.24. Suppose that lo is a quasi-character of . If f,g are Schwartz func- 
tions on K for which f*,g* are also Schwartz, then 

(if, u;, s)ag* ,u;-\2~s) = ({f* s)C(g, u;, s) 

for all complex s. Here we write zeta functions where we strictly mean their meromorphic 
continuation. 

Proof. One imitates Tate's method, using the representation of the *-transform given by 
lemma 16.211 to show that 



C{f,uj,s)C{g*,uj~\2-s) 



f{x)g{z)ip{V{xyz))\xyz\uj{y) '^\y\ " dxdydz 



for s with Re(s) = 1 — Re(cj). This expression is symmetric in f,g from which foUows 

af,u;,s)ag\u;-\2 - s) = ar,^-\2 ~ s)ag,u;,s). 
Apply the identity theorem to deduce that this holds for all complex s. □ 

Example 6.25. Suppose that K = 'R; let g{x) = e~''"'^ / = .9 o V. Assume that tpM{x) = 
g^irix^ and that the chosen measure is Lebesgue measure; then g — g which implies here that 
/* = /. For s complex of positive real part, 

C(/,i,s) = V^/'r(./4) = ic(5, 1,^/2). 

The previous proposition implies that if /i, h* are Schwartz on R, then 

= 2-"-V/»(»»(f)r(i))"'c(i.,i,.), 

by the same Gamma function identities used in [22j . 



Remark 6.26. If / is a Schwartz function and ui a quasi-character, then we know that 
C,{f,<jj,s)/L{ijj,s) analytically continues to an entire fnction; also, / may be chosen such that 
Q{f,u),s) = L{uj,s). However, as example 16.231 demonstrates, the standard choice of / may be 
such that /* is not Schwartz. 

The author suspects that if / is a Schwartz function on R for which /* is also Schwartz, then 
(■(/, 1, s)/(7r~''/'*r(s/4)) will analytically continue to an entire function; moreover, we have seen 
in the previous example that this denominator satisfies the "minimality" condition (ie. occurs 
as a zeta function). This would justify calling 7r^'*/^r(s/4) the local L-function for *. 



7. Two dimensional zeta integrals 

In this, the final section, we apply the integration theory to the study of two-dimensional 
local zeta integrals. 

7.1. Non-archimedean case 

Henceforth _F is a two-dimensional non-archimedean local field. Thus F = Z and F is 
complete with respect to the discrete valuation i>, with residue field F a non-archimedean 
(one-dimensional) local field. Let ti,t2 be local parameters for F which satisfy ^2 = ^(1) and 
ti = TT, where tt is the prime of F used to define the *-transform. 
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Let K2{F) denote the second topological if-group of F (see [4]); recall that K2{F) is the 
appropriate object for class field theory of F (see |3] for details). We recall those properties of 
K\{F) which we shall use: 

(i) A border map of X-theory defines a continuous map d : K^iF) F which satisfies 

d{u,t2} — u, d{u,v} — l [loru,vEOp). 
d does not depend on choice of ii,t2- Introduce an absolute value 

l-l :i^*(^)^R>o 

e^|5(oij?- 

(ii) Let U be the subgroup of i^|(F) whose elements have the form {u,ti} + {v,t2}, for 
u, u G Op. K2{F) decomposes as a direct sum Z{ti, ® U . Note that |7i{ti, + u\ = 
q-"" for n G Z, M e U. 

(iii) For any quasi-character x ■ -^K-^) ^ C^, there exist complex s and a character xo '■ 
U ^ such that 

X{n{ti,t2} + u) ^ Xo{u)q~"'' (for n e Z, ue U). 

The real part of s is uniquely determined by x ^nd is said to be, as in the onc-dimensional 
case, the exponent of x (denoted Re(x))- 

Definition 7.1. Introduce T = Op x Op, r+ = Op x Op, and a surjectivc homomorphism 

t:T^K'2{F) 

{a,l3)^{a,t2} + {h,l3} 

for a,/3 e O^. 

Note that u,v e Op and ijjeZ implies t{t\u,t{v) — {^1,<2} + {tiiv} + {u,t2}. 

Remark 7.2. Compare with [AoAS]. t depends on the choice of local parameters ti,t2- 
T+ is the closure of T in the two-dimensional topology of F; it's relation to T is the same as 
F to F in the one-dimensional local theory, the idele group to the adele group A in the 
one-dimensional global theory, or the matrix algebra M„ to the group GL„ in the Jacquet- 
Godement generalisation [10| of Tate's thesis. 

Note that {x,y) G T impHes |t(a;,2/)| = |a;| \y\. 

Given a C{X) (= C(r)) -valued function / on r+, a quasi-character x oi K2{F), and complex 
s, Fesenko suggests in [AoAS] the following definition for the associated (two-dimensional) local 
zeta integral: 

px x_px 



C(/,x,s) = Cf(/,x,s) = 



fix, y)x° y)\tix, y)\'' charT(a;, y) dxdy, 



assuming that the integrand is integrable on i^^ x F^ (integration on this space is discussed 
in appendix [C]) . 

We now prove analytic continuation, and moreover a functional equation, for a class of 
functions / and characters x! we write /° for the lift of / G S{F x F) at (0,0), (0,0) - see 
appendix [C] 

Proposition 7.3. Let x be a quasi-character of K2{F) and suppose that x ° ^ factors 
through the residue map T ^ F x F . Define Lf{x, s) — L{uji, s)L{uj2, s), a product of two 
L-functions for F, and £f{Xi^) = £*('^ij s)£*('j-'2, s), a product of two epsilon factors for F. 
Then 



INTEGRATION ON VALUATION FIELDS OVER LOCAL FIELDS 29 

(AC2) For all f e S{F x F), the zeta function C(/°, X, s) is well-defined for Re{s) sufRciently 
large. Moreover, 

C{f,X,s)/LF{x,s) 

has analytic continuation to an entire function, Z(f^,x,s), where uji are the quasi- 
characters of F^ defined by x ° y) = wi(x)a;2(y)- 
(L2) There is f e S(F x F) such that Z{f, x, s) = 1 for all s. 
(FE2) For all f £ S{F x F), a functional equation holds: 

Z{r°,x'\2- s) = eF{x,s)Zif,x,s). 

for all s. Moreover, epiXi^) is of exponential type; that is eriXis) — o.Q^'' for some 
complex a and integer b. 



Proof. By definition of the integral on F^ x F^ and a similar argument to example 14.61 (i). 
we have 

C(/°,X,s)=f_ L .f{u,v)u;,{u)u;2{v)\u\'^\v\^dudi, 

which we denoted Cfxf(/'^i ® "^2, s) in remark [6. 181 That is, since we are only considering 
functions / which lift from F x F, the zeta integral over Op x Op reduces to a zeta integral 
over F X F. All required results follow from that remark. □ 

Remark 7.4. The previous example highlights the importance of lifting the *-transform 
up to _F in a similar way to how we lifted the Fourier transform. Then it may be possible to 
generalise this proposition to many more functions on Of x Of than simply those which lift 
from F X F. 

Remark 7.5. Having calculated epsilon factors for the *-transformation in section [6l we 
have formulae for the two-dimensional epsilon factors 

£-f(Xis) = £*(t^i,s)e,(w2,s). 

For example, if loi is ramified with conductor r > but W2 is unramified, then 

where d is the conductor of the additive character on F used to define the *-transform. 

There is another relation between zeta integrals on F and F which we now discuss; first we 
need a lemma: 

Lemma 7.6. Let g be a complex-valued function on F and s complex such that g\ ■ is 
integrable on F . Let w : F ^ Z be the valuation; introduce 

g' ■.f'' xF"' 

{x,y) ^ 5(7r™'^(«'(^).«'fe))-"'(^)x) \xyY 



Then g' is integrable over F x F , with integral 

gix)\x\'^'di, 



where fi is the multiplicative Haar measure on F^ . 
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Proof. The integral of g' over x is 



EE 



1 (m) 



Split the inner summation over m < n and m > n and interchange the order of the double 
summation X]nX]m<n' elementary manipulations complete the proof. □ 

Definition 7.7. Introduce a 'generalised residue map': 
P2 : T+ ^ F 



where u,w e and ii,i2, ji, j2 G ^■ 

Remark 7.8. The map p2, when restricted to T, factors through iir|(i^): 
P2{t\u,t{v) = 5(min(i, j){ti,t2} + + {u,t2}) 

where i,j S Z, u,w G O^. 

P2 lifts zeta integrals from F to F: 

Proposition 7.9. Let a; be a quasi-character of F^ , s complex, and g a complex-valued 
function on F such that goj'^ \ ■ is integrable on F ; let x — uj o d. Then the zeta integral 
C{9 ° P2, X) s) is well-defined and 



— s — c 



C(5 op2,X,s) = Cpig, ^, 2s + c), 

where c € C is defined by uj ~ luq \ ■ with luq a character of F^ trivial on tt. 

Proof For (a;, y) £ T, 

9 ° P2{x,y)x°i{x,y) \l{x,yy\ \x\^^ \y\~^ 

SO that (a;, y) ^ g o p2{x, y)x° ^{x, y) \i{x, yY\ \x\~^ \y\~^ is the lift of 
at (0,0), (0,0). 

The result now follows from the previous lemma and appendix [Cl □ 

This is enough to deduce analytic continuation of some zeta functions: 

Corollary 7.10. Let lu be a quasi-character of F^ , L{uj,s) the associated L-function, 
and g a Schwartz-Bruhat function on F; let x = <^ ° d. Then 

(i) For s complex of sufEciently large real part, the zeta integral C(5 ° Pi Xi *) is well-defined. 

(ii) The holomorphic function ({g o p,x,s)/{L{u),s){\ — (jj(7r)q~'^)~^), initially defined for 
Re{s) sufEciently large, has analytic continuation to an entire function. 



Proof. This follows from the corresponding results for local zeta functions on F, the previous 
proposition, and the identity lj{'k) = g~'^ where c is as in the previous proposition. □ 
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Throughout it has been useful for x o t to factor through the residue map T ^ F x F . 
In the next two examples we considers some situations in which this happens. Let L, a two- 
dimensional local field, be a finite abelian extension of F and let x be a character of K2{F) 
which vanishes on N[^/pK2{L). 

Example 7.11. Suppose L/F is separable with \L -.T] = \L : F\. 

Then d induces a surjection i4r|(F)/A^i/i?if|(L) F /N^/pL . Further, the separability 
assumption implies L/F is an abelian extension of local fields so that \F^ /Nl/pL^ \ = \L : 
F\ = \L : F\ — \K2{F)/Nl^pK2{L)\; so the induced surjection is an isomorphism. Therefore x 
factors through d. 

Example 7.12. Suppose T = T, p J(\L : F\, and t2 & N^jpL^ ("a totally tamely ramified 
extension in the second parameter" ) . 

Then {x,y) G T implies l{x,y) = {ti,Q{y)} mod Nl/pK^{L) (see [3]), where 6 is the 
projection 

e : = (^i) X {t2) X F^^ X V> ^ F^^ 

Here Vp is the two-dimensional groups of principal units of F. 

Therefore there exists a tamely ramified quasi-character uj oi F such that x ° y) — i-u{y) 
for ix,y)eT. 

These examples show that our functional equation applies to all 'sufficiently unramified' 
characters. The proof of the functional equation in [AoAS] is valid whenever all relevant 
functions are integrable, and proposition 17.31 is certainly a special case. However, it appears 
that if X is ramified then certain interesting functions are not integrable. See also section |S1 

7.2. Archimedean case 

Now suppose that F is a two-dimensional archimedean local field; that is, F = Z and F is 
complete with respect to the discrete valuation v with residue field F an archimedean local 
field. The classification of complete discrete valuation fields (see eg |8l chapter 11.5]) implies 
that F is isomorphic to a field of Laurent series C((t)) or M((t)), where we write t = t(l). 

The correct way to use topological i^T-groups for class field theory and zeta integrals of such 
fields is not clear, so we content ourselves with making a few remarks about generalising the 
results in the non- archimedean case without appealing to ii"- groups. 

Given Schwartz functions f,g on F for which /*, g* are also Schwartz, and uj a quasi-character 
of Op which factors through the residue map Op F , proposition 16 . 241 implies that 



f^'°{x) uj{x)\x\^ chaT„x{x) dx 



{g*r'"{x) Lo{x)~'\x\^~' char^x (x) 



is invariant under interchanging / and g. There is an analogous result for integrals over Op x 
O^p. 

An extension of F cannot be wildly ramified in any sense, and so by analogy with examples 
17.111 and 17.121 we expect arithmetic characters on Op (or Op x Op ) to lift from F . Hence 
this functional equation may be satisfactory in the archimedean case. 

Indeed, in the case F — C((i)), the finite abelian extensions of F have the form C((t^/")) 
for natural n. A character attached to such an extension is surely a purely imaginary power of 
I • I; this lifts to Op from f"". 

If F = ]R.((i)), then F has maximal abelian extension C{{t^^^)), with subextensions ]R((i^/^)) 
and C((t)). A character attached to the extension C((t^/^)) is Op {±1} : x i-^ sg(a;), which 
again lifts from F^. 
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8. Further work 
We discuss some topics related to the theory of this paper. 



RamiRed zeta integrals 

The proof of the functional equation in section [7] can surely be extended to a wider class of 
functions and characters. In particular there should be a theory for ramified characters. The 
results may have application in the ramification theory of two-dimensional local fields |24j [25j . 

The author is certain that the local functional equation presented in this paper can be 
significantly strengthened using only the results already present in sections 1 to 6. 



Wiener and Feynman measure; quantum Reld theory 

The field IR.(i), and certain subspaces of M((t)), may be identified with spaces of functions. In 
particular, iR[t] may be identified with a subspace of the space of continuous paths [0, 1] ^ M 
which vanish at ie. Wiener space. It would be interesting to understand relations between 
Wiener measure and our measure. 

Similarly, the subspace of C((i)) consisting of Laurent series which converge on the punctured 
unit disc in the complex plane define continuous loops S"^ — > C. A comparison of the measure in 
this case, in conjunction with the real case above, may provide insight into Feynman measure 
on such spaces. 

The values of divergent integrals in quantum field theory, after renormalisation, appear as 
epsilon factors in our local zeta integrals f example 15. 6p . The duality provided by a functional 
equation would provide arithmetic arguments for the values of such integrals. It would be very 
interesting to investigate whether this arithmetic value coincides with the physical value. 



Other residue Gelds 

The philosophy followed in this paper is that any reasonable theory (eg. integration, measure 
theory, harmonic analysis) should 'lift' from F; indeed, most proofs reduce a problem on F to 
the analogous problem on F, where the result is known. 

If F is not a local field, but instead is an infinite field with the discrete topology, then the 
techniques of this paper modify to lift the counting measure on F to F. In particular, if _F is a 
complete discrete valuation field with residue field F°''' then there is a C(X)-valued integration 
theory which specialises to the standard locally compact theory for any subfield Fq < F with 
finite residue field by taking X = |-Fb|^^- 



F" and GLn{F) 

As discussed in appendix [Cl the space of Haar integrable functions (and the integral) on 
F lifts to F^. This space of functions is not closed under the action of GL2(F). There exists 
a different class of integrable functions which is closed under the action, and for which the 
identity 



fijx) dx ~ I det T 



f{x) dx 



holds for appropriate / and r 6 GL2(F). See |19| for details. 

Similar results hold for F", for any n > 1. Just as we deduced the existence of an invariant 
measure on , the results for F" imply the existence of a translation- invariant measure and 
integral on GL„(F). See 
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Non-linear change of variables and Fubini's theorem 

For applications in representation theory of algebraic groups over F, it is essential that the 
invariant measure on F^ behaves well under non-linear changes of variables. For example, if / 
is a suitable C(r)-valued function on F^ and /i is a polynomial with coefficients in F, then it 
is expected that 

rF rF rF rF rF rF 



f{x,y- h{x))dxdy 



f{x,y ~ h{x))dydx 



f{x, y) dydx. 



However, recent work of the author's [20] show that this identity can fail if the local field F 
has finite characteristic p. The problem may be related to the fact that the the p"" powers of 
F have zero measure in contrast to the classical case where the residue field is finite and the 
p"* powers are therefore the entire field. Investigation of this 'measure-theoretic imperfectness' 
may lead to refinement of the measure. 



Appendix A. Rings generated by certain classes of sets 
Certain set manipulations used in this section are inspired by [AoAS] and [llj . 



Definition A.l. Let A he a collection of subsets of some set il. 

A is said to be a ring if it is closed under taking differences and finite unions. 

A is said to be a d-class if it contains the empty set and satisfies the following: A,B in A 
with non-trivial intersection implies A contains An B and AU B. Elements of a d-class are 
called d sets. 



Example A. 2. The following are examples of d-classes. 

(i) The collection of finite intervals of M, open on the right and closed on the left, together 
with the empty set. 

(ii) The collection of translates of some chain of subgroups of a group, together with the 
empty set. 



We fix for the remainder of this appendix a d-class on some set. 



Lemma A. 3. Let Ai be d sets, for i = 1, . . . ,n. Then there exist disjoint d sets Bj, j — 
1, . . . , m such that each Bj is a union of some of the Ai and such that [J^ Ai = Bj 

Proof. A simple induction on n. □ 



Informally, the result states that any finite union of d sets may be refined to a disjoint union. 

DEFINITION A. 4. A set of the form A \ [J^ Aj for some d sets A, Ai, . . . , An, with Aj C A 
for each i, is said to be a dd set. 

Remark A. 5. 

(i) Consider a set of the form X — A\[J^Ai for d sets A,Ai..., Am, where we make no 
assumption on disjointness or inclusions. Then X ~ A \ IJ - ^ n lemma 1X31 implies 
that X is a dd set. 

(ii) The identity iA\\_\^ A,) D (B \\_\^ B j) = (AnB) \ (|J. A U|Jj Bj) and lemma EJ imply 
that dd sets are closed under finite intersection. 



Definition A. 6. A finite disjoint miion of dd sets is said to be a ddd set. 
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Lemma A. 7. The difference of two dd sets is a ddd set. 



Proof. For arbitrary sets A, Aq, B, {Bj)j with Bj C B, the identity 

{A \Ao)\{B\[_\ B,) = {A\{BU Ao)) U [_\{iB, n A) \ Ao) 

j j 

is easily verified. Replace Aq by a disjoint union of d sets and use remark lA.SI to complete the 
proof. □ 

Proposition A. 8. The difference of two ddd sets is a ddd set. The union of two ddd sets 
is a ddd set. 

Proof. The difference of two ddd sets may be written as a finite disjoint union of sets of 
the form f]Ei\Di, a finite intersection of differences of dd sets; such a set is an intersection 
of ddd sets by lemma IATtI By deMorgan's laws, this may be rewritten as a disjoint union of 
intersections of dd sets. Hence the difference of two ddd sets is again a ddd set. 

Let Di, . . . , Dn and Ei,. . . , E^ be disjoint dd sets. Then |J- Di U |J^ Ej is the disjoint union 
of the following three sets: 



i j 

W2^[_\D,\\_\E, 

^3 = |J^^\U^' 



W2 and W3 are ddd sets by lemma 1X31 Further, Wi ~ |Jj ADi D Ej) is a ddd set by remark 

[Ql □ 

Proposition A. 9. The collection of all ddd sets is a ring; indeed, it is the ring generated 
by the d-class. 

Proof. This is the content of the previous result. □ 



Appendix B. C(r)-vaJued holomorphic functions 

We briefly explain the required theory of holomorphic functions from the complex plane to 
C(r), though C(r) could be replaced with an arbitrary complex vector space. 

Definition B.l. Suppose / is a C(r)-valued function defined on some open subset of the 
complex plane. We shall say that / is holomorphic at a point of U if and only if, in some 
neighbourhood Uq of this point, 



for some /i, . . . , /„, complex-valued holomorphic functions of Uq, and pi, . . . ,p„, elements of 

c(r). 



Although the definition of holomorphicity is a local one, we can find a global representation 
of any such function on a connected set: 
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Proposition B.2. Let {pi)iei be any basis for C(r) over C, and let (7ri)ig/ be the 
associated coordinate projections to C. Let f be a <C{T)-valued holomorphic function on some 
open subset U of C. Then 

(i) TTi o / is a complex-valued holomorphic (in the usual sense) function ofU. 

(ii) If U is connected then there is a finite subset Iq of I and complex-valued holomorphic 
functions fi, for i ^ Iq, of U such that 

for all z E U. 



Proof. Let us suppose that 



for all z in some open Uq C [/, where the fj are complex valued holomorphic functions of Uq 
and qi, . . . ,qn G C(r). Then each qj is a linear sum (with complex coefficients) of finitely many 
Pi] therefore there is finite Iq C I such that /(z) = X^ie/o f^i^^P^ ^ ^ ^o, where each fi 

is a sum of finitely many fj. So for any i e /, 




therefore tt^ o / is holomorphic on Uq. 

But / is holomorphic, so each point of U has an open neighbourhood where / can be written 
as in (*); therefore tt^ o / is holomorphic on all of U. This proves (i). 

(ii) follows from (i) as soon as it is known that there are only finitely many i in / for which 
TTi o / is not identically zero on U. But the identity theorem of complex analysis implies that 
if TTi o / is not identically zero on [/, then it is not identically zero on any open set Uq C U. So 
choose Uq as at the starts of the proof and write as in (*); if tt^ o / is not identically zero 
on Uq, then i e Iq. So for all z eU, 

f{z) = ^TTj o/(z)p,. 

□ 



Although it is very easy to prove, the identity theorem here is fundamental, for else we would 
not be assured of the uniqueness of analytic continuations: 

PROPOSITION B.3. Suppose that f is a C(r)-vaJued holomorphic function on some con- 
nected open subset U of C. Suppose that the zeros of f have a limit point in U; then f is 
identically zero on U. 

Proof. Let {piji^i and {■ni)iQi be as in the previous proposition. By the usual identity 
theorem of complex analysis, each tt,; o / vanishes everywhere; therefore the same is true of /. 

□ 



Enough has now been proved to discuss analytic continuation of C(r)- valued functions as 
required in section [Sj 
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Appendix C. Integration on F x F 

In this short section we summarise without proofs the required elements of integration theory 
for the product space F x F. Proofs of similar results may be found in |19) . 
Let denote the space of Haar integrable functions on x F. 

Definition C.l. Given g G ai, 02 S F, and 71, 72 G T, the lift g at (ai, 02), (71, 72) is 
the function / — gi<^i-<^2)-Xi^'i^) which vanishes off ai + t(7i)0_F x 02 + t{-/2)OF, and satisfies 

gi-^^-^Uiui.)^^^^^^) ^ _ a^)t{-^^), [x, - a2)i(-72)) 

if Xi e fli + t{'-^i)OF, i — 1,2. Note that li g = gi ® g2, where gi G £ for j = 1,2, then 

/ = <?r'^^«5 52-^^ 

Let C{F X F) denote the C(r) space of C(r)-valued functions on F spanned by g"''*' for 
g£C'^,aeFxF, and 7 e F x F. The integral on F x F lifts: 

Proposition C.2. There is a (necessarily unique) C{T)-linear functional J on C{F'^) 
which satisGes J^' (^("i."^), (71,72)) ^ { g{u,v) dudv X^^+''^ for g e C? , 01,02 6 F, 71,72 £ F. 
ll.{F X F) is closed under translation and J is translation-invariant. 

Let C{F^' X F^) be the space of C(r)-valued functions on F^ x F^ for which {x,y) ^ 

F^ X F^ 

cj){x,y)\x\^^\y\^^ may be extended to F x F as a function in C{F x F). Define J (0) = 

J 0(a;, where the integrand on the right is really the extension of the function 
to F X F. 



Proposition C.3. If <j) belongs to C{F^ x F^) and ai,Q;2 are in F^ , then {x,y) 
{aix,a2y) belongs to C{F^ x F") and 



F'^xF" 



(aix, a2y) dxdy 



<p{x,y)dxdy. 
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